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Abstract 
The consideration of oxygen vacancies influence on the relaxors with perovskite structure was considered in the 
framework of Landau-Ginzburg-Devonshire phenomenological theory. Main attention was paid to PZN-PLZT 
relaxor, where earlier experimental investigation of oxygen vacancies influence on the polar properties was 
performed and the evidence of oxygen vacancies induced ferroelectricity was obtained. 
Since the oxygen vacancies are known to be elastic dipoles, they influence upon elastic and electric 
fields due to Vegard and flexoelectric couplings. We have shown that a negative Curie temperature TC* of a 
relaxor is renormalized by the elastic dipoles due to the electrostriction coupling and could become positive at 
some large enough concentration of the vacancies. Positive renormalized temperature  is 
characteristic for ferroelectric state. At T <  all the polar properties could be calculated in the way 
conventional for ferroelectrics, but obtained experimental data speaks in favor about the coexistence of 
ferroelectric phase with relaxor state, i.e. about the morphotropic region in PZN-PLZT relaxor. At T >  
random field characteristic for relaxors conserves, but since the mean square deviation of polarization is nonzero 
the coexistence with dipole glass state is not excluded. For the case T >  we calculated the local polarization 
and electric field induced by the flexo-chemical coupling with oxygen vacancies.  
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 1. INTRODUCTION 
The broad applications of relaxor ferroelectrics in the modern sensors, actuators, high 
performance electromechanical transducers and other electronic devices [1, 2] generates the permanent 
interest to investigation and fabrication of these materials. These applications are based on peculiar 
properties of the relaxors absent in ordinary ferroelectrics [3]. The peculiarities appear due to random 
electric fields induced by two factors. The first one is substitutional disorder in cations positions 
because general formula can be written as A1-xA’xB1-yB’yO3, which leads to the local shift of ions from 
their conventional equilibrium positions. The second one is the presence of vacancies and other 
unavoidable defects. In previous years the influence of random field was considered in many details 
(see e.g. references in [3] with special attention to [4, 5]), but the attention was paid mainly to the first 
factor inherent to any relaxor. Allowing for fact that the concentration of e.g. oxygen vacancies (VO) 
can be changed, it could open the way to govern relaxor properties on demand under the condition of 
the influence of VO on relaxor properties to be studied. To the best of our knowledge VO were 
considered theoretically mainly as random field sources up to now. As to the experimental papers we 
would like to draw attention to paper [6], where influence of VO on phase diagram and properties were 
studied. The authors considered PZN-PLZT relaxor. They increase the VO concentration by addition of 
nitrogen flow when sintering the relaxor (NS samples) and after this procedure some of the samples 
were annealed in oxygen (OA samples). Comparative analysis of dielectric permittivity temperature 
dependence of NS and OA samples had shown that relaxor characteristics were suppressed by 
inducing of oxygen vacancies with high concentration. In other words VO added ferroelectric (FE) 
phase to the relaxor. The aim of this paper is to find out the physical mechanism of FE phase induced 
by VO. 
 
2. OXYGEN VACANCIES IN THE RELAXORS AND THEIR CHARACTERISTIC 
FEATURES 
Oxygen vacancies in ABO3 ferroelectrics greatly impact their physical properties (see [6] and ref. 
therein) and the perovskite structure is able to conserve the structure stability even for high 
concentration of oxygen vacancies [7]. 
B cations are usually shifted from central position in the neighborhood of oxygen vacancy, 
because in ABO3 structure the size of oxygen ions and so its vacancies used to be larger than cation 
ones. To compensate for the loss of oxygen negative charges the equivalent amount of B4+ cations 
should be in a B3+ state. The PZN-PLZT samples sintered in nitrogen atmosphere appeared to be black 
and opaque [6], because off-central Ti4+ transforms into color center Ti3+. Note, that Ti3+ can create 
layers of ordered dipoles at large concentration of oxygen vacancies [8]. The electrons necessary for 
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Ti4+ into Ti3+ transformation can be created from ionization of neutral oxygen vacancy VO → OV•  + e, 
 →  + e, the  and  being positively charged vacancies. Uncharged vacancy VOV• OV•• OV• OV•• O 
represents dilatational center which creates local compressive strain. 
Since generally the conductivity is mainly attributed to the electromigration of oxygen 
vacancies (see [9, 10]) in perovskite ferroelectrics, the measurements of dc conductivity temperature 
dependence of the NS and OA specimens were carried out in order to estimate of oxygen vacancies 
concentration and charge states. It was shown that NS specimens have several orders larger 
conductivity at high temperature (> 300 °C). Comparison of activation energies extracted from the 
conductivity temperature dependence had shown that concentration of oxygen vacancies in NS 
samples is high and attributed to  at low temperatures, while in OA samples the contribution of 
 and  were detected at high and low temperatures respectively. As to high temperature 
activation energy in NS specimens (0.95 eV), which appeared to be smaller than that in OA specimens 
(1.54 eV), the authors of [6] wrote, that this effect is attributed to higher concentration of oxygen 
vacancies in NS samples. To our mind this statement could be correct for the same type of vacancies in 
both samples e.g. compare E
OV
••
OV
••
OV
•
a for  in them. Singly ionized vacancy with EOV
••
a = 0.95 eV has also to 
be rejected because for such vacancy in AO sample Ea = 0.31 eV, that is much smaller than 0.95 eV in 
NS sample with much larger concentrations of oxygen vacancies. Because of this we supposed that 
uncharged vacancies can contribute as we will show later to activation energy 0.95 eV in NS samples, 
when complete compensation of loss oxygen negative charge 2e originates from two off-central Ti3+ 
ions. Because this complex defect can be represented as OV
••+2Ti3+ it can be observed in high 
temperature region only. Therefore in NS sample with high concentration of oxygen vacancies we are 
faced with existence  and VOV
••
O. 
Note that vacancies tend to accumulate in the vicinity of any inhomogeneities, surfaces and 
interfaces, since the energy of vacancies formation in such places can be much smaller than in the 
homogeneous volume [11, 12, 13, 14]. In the places of vacancies accumulation they can create 
sufficiently strong fields, which in turn can lead to new phases appearance in relaxors, for example, 
polar (ferroelectric) ones. On contrary, in the places where there are few vacancies the non-polar 
relaxor remains. So, the polar ferroelectric and nonpolar relaxor states coexistence can be realized in 
the case.  
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3. TEMPERATURE DEPENDENCE OF MODIFIED DIELECTRIC PERMITTIVITY 
IN PZN-PLZT NS SPECIMEN 
It is well-known (see e.g. [15]) that the temperature dependence of dielectric permittivity of 
ferroelectric relaxor can be described by modified Curie-Weiss law: 
max
1 1 1 ( ) pMT TK
− = −ε ε .                                         (1) 
Here p = 2, TM marks the temperature of dielectric permittivity maximum, K is a constant, while for 
normal ferroelectrics TM = TC, p = 1, TC is Curie temperature. This difference originates from the 
broken translational symmetry of the relaxors and modified Curie-Weiss law includes the frequency 
dependence in ε and also in TM contrary to classical Curie-Weiss law for ferroelectrics. The 
pronounced frequency dependence in relaxors is known to be produced by broad relaxation time 
spectrum, described by Vogel-Fulcher law 1/τ = (1/τ0)exp(–U/(k(T – Tg)), where Tg is freezing 
temperature. This and other peculiarities of relaxor ferroelectrics originate from random electric field, 
induced by substitutional disorder, presence of vacancies and other unavoidable defects (see e.g. [3] 
and ref. therein). 
Deng et al [6] measured temperature dependence of PZN-PLZT relaxor dielectric permittivity 
for NS and AO samples and obtained respectively p = 1.53 and 1.91. The obtained data speaks in favor 
of the statement that the large concentration of oxygen vacancies induces ferroelectricity in NS 
sample, so that we are faced of its coexistence with relaxor state. This compound looks like PMN1-
xPTx solid solution, where one could observe so called morphotrophic region with relaxor and polar 
phases coexistance (see e.g. [16]). In what follows we will consider physical mechanism of induced 
ferroelectricity. 
 
4. POSSIBLE MECHANISMS OF FERROELECTRICITY INDUCED BY OXYGEN 
VACANCIES 
Let us consider briefly possible mechanisms of ferroelectricity appearance in NS samples of PZN-
PLZT. As we discussed above the oxygen vacancies in this sample are uncharged VO, singly and 
doubly positively charged  and OV
•
OV
••  respectively. Because of necessity of loss oxygen negative 
charges compensation approximately equivalent amount of Ti3+ off-central ions is another group of 
defects. Keeping in mind the electrostriction in disordered systems the elastic dipoles transform into 
electric ones. 
 An illustration of the oxygen vacancy related defect configurations in a tetragonal perovskite 
lattice structure is shown in Fig. S1 in the Suppl. Mat. [17], adapted from Ref. [18]. The existence of 
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electric dipoles will lead to appearance of ferroelectric phase due to indirect interaction of dipoles via 
soft optic mode [19], and the soft mode existence in the ferroelectric relaxors will be discussed later. 
Allowing for that all the electric dipoles in the regions with sizes of order of correlation radius 
rc must be oriented, one can write the criterion of ferroelectric phase appearance as , N is 
concentration of dipoles. It was follows we will name the lowest concentration  correlation 
threshold.  
3 1cNr ≥
3−= cc rN
Another possible mechanism of ferroelectricity in the relaxors can originate from 
inhomogeneous elastic field via flexoelectric effect, namely lkjijkli xufP ∂∂= , where Pi is electric 
polarization component, lij xu ∂∂  is mechanical strain gradient,  is the tensor components of 
flexoelectric effect. Detailed consideration of this mechanism along with mechanical strain field 
originated from oxygen vacancies (Vegard mechanism) contributions to appearance of ferroelectricity 
in the relaxors will be performed in the next part. 
ijklf
 
5. VEGARD STRAINS CONTRIBUTION TO APPEARANCE OF FERROELECTRICITY IN 
RELAXORS 
Gehring et al. [20] performed neutron inelastic scattering measurements of the lowest-energy 
transverse optic (TO) phonon branch in the relaxor Pb(Mg1/3Nb2/3)O3 from 400 to 1100 K. Far above 
the Burns temperature Td = 620 K Gehring et al. observed well-defined propagating TO modes at all 
wave vectors q, and a zone center TO mode that softens in a manner consistent with that of a 
ferroelectric soft mode. Below Td the zone center TO mode is over-damped and its direct measurement 
becomes combersome. However Gehring et al. [21] supposed that this mode recovers as has been 
reported for PZN, where at 20 K TO mode was observed. The latter is very important for us because 
considered in [6] relaxor PZN-PLZT described by the formula 0.3Pb(Zn1/3Nb2/3)O3–
0.7(Pb0.96La0.04(ZrxTi1−x)0.99O3) with the composition (x=0.52) near the morphotropic phase boundary, 
where La concentration is 4 % and so it has no relaxor properties, so that relaxor type behavior has to 
originate mainly from PZN. Therefore, we came to the conclusion about possibility to introduce 
hidden soft mode in the considered relaxor. This permits us to use LGD type free energy functional for 
quantitative consideration of ferroelectricity induced by oxygen vacancies in the relaxors. Note, that 
the same approach was used earlier in [22] for the description of the relaxor ferroelectric PLZT 
ceramics with 8 % and 9 % of La and PZN–4.5%PT single crystals. 
 Note, that applicability of standard Landau phenomenological model for calculation of 
electrocaloric effect in relaxor ferroelectrics in [23] is out of doubt because of induced by electric field 
polarization.  
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Gibbs potential density of relaxor ferroelectric materials having some hidden soft phonon polar 
mode [20, 21, 24] has the following form [25], 
( )
( ) ( ) ijdijiiddBklijijkllkijijkl
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where  are the components of polarization vector (i =1, 2, 3) and  is the elastic stress tensor. The 
summation is performed over all repeated indices. Dielectric stiffness coefficient  is positive, 
because the intrinsic ferroelectricity is absent, but depends on temperature reflecting the fact that the 
hidden phonon mode could soften at negative absolute temperatures. This statement follows from 
abovementioned fact, that in PZN soft mode was observed at T = 20 K, so that its frequency could be 
zero at negative temperature. Note, that extrapolation of PMN soft mode frequency to zero leads to T
iP ijσ
( )Tα
c 
≈ –150 K. Matrix of the gradient coefficients gijkl is positively defined.  is the electrostriction 
tensor,  is the elastic compliances tensor,  is the forth-rank tensor of flexoelectric coupling. 
The configuration entropy function 
ijklQ
ijkls ijklF
( )yxS ,  is taken as ( ) ( ) yxyyyxS −= ln,  in the Boltzmann-
Planck-Nernst approximation; kB=1.3807×10−23 J/K, where T is the absolute temperature. 
 In Eq.(2), (  denotes the internal electric field that satisfies electrostatic equation )riE
( nNe
x
P
x
E
d
i
i
i
i
b −=∂ )∂+∂∂εε +0 ,                                          (3) 
where εb is background permittivity [26] and ε0=8.85×10−12 F/m is the universal dielectric constant, 
( )nNe d −+  is the space charge density of singly ionized ionized vacancies and electrons, e=1.6×10−19 C 
is an electron charge. The field  is induced by nonzero divergence of the bound charge ( )riE
i
i
x
P
∂
∂  
(depolarization contribution) and space charge fluctuations related with of ionized vacancies (random 
field contribution).  
 Taking into account that the "net" random electric fields should be created by charged defects 
[4, 27], they are not the local fields originated around randomly distributed elastic dipoles due 
flexoelectric effect, but rather quenched by Imry-Ma scenario random fields [28]. It should be argued 
that the amount of charged vacancies it usually much smaller than the amount of uncharged vacancies, 
which are considered below as the main sources of ferroelectricity allowing for the Vegard 
mechanism. Actually, as a rule the concentration of the charged defects (ionized vacancies in our case) 
is of the order of several percents of the total defect concentration in the volume of the material, with 
the exception of near-surface charged layers, where their accumulation or depletion is possible [29]. 
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The maximum number of vacancies observed in NS samples in Ref.[6] relates to uncharged oxygen 
vacancies (i.e. to elastic dipoles). 
Equations of state ijij uG −=σ∂∂  determine the strains . Euler-Lagrange equations iju
0=∂∂ iPG  determine the polarization components. 
The last term in Eq.(2) is the Vegard-type concentration-deformation energy, , 
determined by the elastic defects (e.g., charged or electroneutral oxygen vacancies) with fluctuating 
concentration 
ijdij NW σ
( ) ( ) ( )rrrr dd
k
kd NNN δ+≡−δ≅ ∑ , where the equilibrium concentration is dN  and 
 is the random variation. The variation ( )rdNδ ( )rdNδ  is characterized by zero spatial average and 
nonzero mean square dispersion values, i.e. ( ) 0=δ rdN  and ( ) 022 >=δ dd nN r . At that different 
cases dd nN >> , dd nN ~  and dd nN <<  are possible for oxygen vacancies. The average distance 
between defects centres 2R should be associated with the average volume per inclusion and so is 
defined from the relation 
dN
R 1
3
4 3 =π . The defect size  is much smaller than the average distance R, 
e.g.  is ionic radius ~ (0.1 – 1)Å
0r
0r
3 (see Fig.1).  
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FIGURE 1. Schematics of spherical elastic defects with radius r0 embedded into the matrix. The distance 
between defects "i" and "j" is Rij. The average distance between defects is 2R. The average volume per one 
defect is 3
3
4 RV π= . 
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 Nonzero components of the Vegard stresses induced by a spherically-symmetric elastic point 
defect (e.g. dilatation centre) located in the coordinate origin, 0=r , in spherical coordinates have the 
form [30] 
( ) ( ) 312112 rss
WrrW
rr −π
−=σ r ,         ( ) ( ) ( ) 312114 rss
WWW
−π=σ=σ
θθ
ϕϕθθ rr                          (4) 
Equations (4) are derived under the assumption of isotropic and diagonal Vegard expansion tensor , 
. In general case the structure of Vegard expansion tensor  [
ijW
ijij WW δ= ijW 31, 32, 33] (elastic dipole) is 
controlled by the symmetry (crystalline or Curie group symmetry) of the material. In Eqs.(4) the 
distance . The elastic compliances tensor  is written in Voight notations. 0rr > ijs
Substitution of elastic fields (4) into the Eq.(2) leads to the renormalization of coefficient 
 by the joint action of electrostriction coupling and Vegard expansion,  RijT α→α )(
( ) ( ) ( )rWijijklRkl QTrT σ−α≈α 2, r ,                                              (5) 
One can see from Eq.(5) that the local polar state occurred under the condition  is not excluded 
in the spatial regions, where the defects concentration is high enough. Let us make some estimates.  
0<α Rkl
 Using ergodic hypothesis the averaging in Eq.(5) over the defects distribution function is 
reducing to the averaging over the defect partial volume, 3
3
4 RV π= , and gives the following 
expression: 
( ) ( ) ⎟⎟⎠
⎞
⎜⎜⎝
⎛
π−α≈α 304
3ln~
3
4,
rN
NWQTNT
d
dijijkld
R
kl ,                                (6a) 
where klijklij WcW =~  and  is the elastic stiffness tensor. Detailed derivation of Eq.(6) is listed in 
Appendix B of Ref.[17].  
ijklc
 For a typical case ( ) ( )*CT TTT −α=α , where  can be essentially smaller than room 
temperature or negative due to relaxor component, such as 30 % of PZN and disordering impurities 4 
% of La. Pure PZT (52/48) has the Curie temperature of about 393
*
CT
oC. For a solid solution PZT (52/48) 
the coefficient  C51066.2 ×≈αT -2·m J/K, electrostriction coefficients Q11=0.0966 m4/C2, 
Q12= −0.0460 m4/C2, Q44=0.08190 m4/C2, and elastic stiffness c11=1.696×10+11 Pa, c12=0.819×10+11 Pa 
[34, 35]. Vegard tensor is usually diagonal for oxygen vacancies in perovskites, but anisotropic, e.g., 
 16.33 Å=11W 3 and  −8.05 Å== 3322 WW 3 for SrTiO3 [33]. Note that the average concentration dN  
should be much smaller than the value  m281025.2 × -3 corresponding to one defect per unit cell with a 
size 4 Å. Thus, we obtain from expression (6a) that the renormalized transition temperature is equal to: 
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( )[ ] ⎟⎟⎠
⎞
⎜⎜⎝
⎛
π++α+≈ 303322121111
*
4
3ln~~~
3
4
rN
NWWQWQTT
d
d
T
C
R
C .                  (6b) 
Here  is analog of Curie temperature for PZN relaxor, i.e. it originated from soft mode, observed at 
T = 20 K [21], and so  has to be negative and can be estimated as  ≈ −(5 ÷ 100) K similarly to 
estimations made from soft mode observed in PMN [20]. Here we introduced the Vegard stress tensor 
components as follows 
*
CT
*
CT
*
CT
( )332212111111~ WWcWcW ++= , ( 331112221122 )~ WWcWcW ++=  and 
( )221112331133~ WWcWcW ++= .  
 It follows from Eq. (6b) that competition between contributions of the first and second terms 
can lead to  and so ferroelectricity could be observed. The shift of the Curie temperature  
vs. the average concentration of oxygen vacancies 
0RCT > CT∆
dN  calculated for several values of the Vegard 
tensor amplitude and defect sizes are shown Fig. 2(a) and 2(b), respectively. The shift monotonically 
increases with dN  increasing. Also it increases with Vegard coefficient increase and defect size 
decrease. One can see from Figs. 2 that the polar phase is not excluded if the defects concentration dN  
is high enough. Keeping in mind, that the oxygen vacancies concentration depends on technology [6], 
the special choice of dN  overcame also the correlation threshold necessary for the existence of normal 
switchable ferroelectric phase. 
 Noteworthy that the switchable ferroelectric polarization originates from the renormalization of 
Curie temperature given by Eq.(6b), and its two energetically equivalent (at zero external field) 
spontaneous values can be estimated as ( )
11
2,1 α
−α±= TTP
R
CT  in accordance with the mean-field 
approach. The values are the upper limit as estimated without gradient and depolarization effects, 
which decrease the polarization, and random fields, which can change it locally via disorder, as it will 
be analyzed in the next section. Note, that it was shown earlier that Vegard strains and stresses coupled 
with electrostriction and flexoelectricity indeed can induce a reversible ferroelectric polarization in 
nanosized ferroelectrics, which are paraelectric otherwise [36, 37]. 
 It is important to underline that for intermediate concentration of oxygen vacancies the 
coexistence of relaxor state and ferroelectric phase can take place. It is not excluded that the result 
obtained by Deng et al [6] for NS samples with p=1.53 is characterizing neither ferroelectric nor 
relaxor and speaks in favor of the statement that we faced with the coexistence of different states, 
namely, of ordered ferroelectric and disordered relaxor. 
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FIGURE 2. (a) The shift of the Curie temperature  vs. the average concentration CT∆ dN  of oxygen vacancies 
calculated for several values of the Vegard tensor amplitude β=2 (curve 1), β=0.5 (curve 2), β=0.5 (curve 3), 
β=0.25 (curve 4) and β=0.1 (curve 5). Vegard strain tensor , where  16.33 Åiiii Ww β= =11W 3 and 
 −8.05 Å== 3322 WW 3. Defect size is  Å5.00 =r 3. (b) The shift of the Curie temperature  vs. the average 
concentration of oxygen vacancies calculated for several values of the defect size 1 Å
CT∆
=0r 3 (curve 1), =0r 0.75 
Å3 (curve 2), 0.5 Å=0r 3 (curve 3), 0.25 Å=0r 3 (curve 4) and =0r 0.1 Å3 (curve 5). Vegard strain tensor 
components are  16.33 Å=11W 3 and  −8.05 Å== 3322 WW 3. 
 
6. LOCAL POLARIZATION AND ELECTRIC FIELD INDUCED BY FLEXO-CHEMICAL 
COUPLING IN A RELAXOR  
 Let us estimate the polarization and electric fields variations induced by the joint action of 
Vegard stresses and flexoelectric coupling. Equations of state ijij uG −=σ∂∂  give the strains  as: iju
lkijkl
k
l
ijkldijklijklij PPQx
PFNWsu +∂
∂−δ+σ= .                             (7a) 
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Since the static equation of mechanical equilibrium, 0=∂σ∂ jij x , should be valid, Eq.(7a) transforms 
into Lame-type equation for elastic displacement : iU
⎟⎟⎠
⎞
⎜⎜⎝
⎛ +∂
∂−σ∂
∂=∂∂
∂
lkijkl
k
l
ijkl
W
ij
jkj
l
ijkl PPqx
Pf
xxx
Uc
2
,                            (7b) 
where  are elastic stiffness, Vegard stress , ijklc dijijmn
W
mn NWc δ=σ ijklijmnmnkl Qcq =  is electrostriction 
stress tensor and  is the flexocoupling stress tensor. ijklijmnmnkl Fcf =
Minimization of the Gibbs potential (2) with respect to  leads to the Landau-Ginzburg-
Devonshire type equations for ferroelectric polarization components: 
jP
( ) i
l
mn
mnli
lj
k
ijkllkjijkljmnijmnij Ex
F
xx
PgPPPPQ +∂
σ∂=∂∂
∂−α+σ−αδ
2
2             (8) 
The electric field  is the sum of internal (depolarizing and spatially random) and probing external  
fields, , which should be found self-consistently from Eq.(3). Further we put  
being interested in the random field only. For the case Eq.(3) can be rewritten in the form of Poisson 
equation for electric potential ϕ : 
iE
ext
iii EEE +δ= 0=extiE
( nNe
x
P
x di
i
i
b δ−δ+∂
∂=∂
ϕ∂εε +2
2
0 ),                                           (9) 
The conventional relation ii xE ∂ϕ∂−=  is valid. The isotropic relative permittivity  that can be 
high enough ~(10
bε
2 – 103) for relaxor ferroelectrics, while for normal ferroelectrics it is a of background 
that is not more than 10. The total electroneutrality condition nN d =+  (valid at ) is already 
used in Eq.(9).  
0=extiE
 In Appendix A of Ref.[17] we solved the linearized system of Eqs.(7b), (8) and (9) using the 
method outlined in Ref.[38]. The Fourier k-spectrum of the internal electric field variation 
(depolarizing by nature and random as induced by random variation of defect concentration) was 
found in Debye approximation from Eq.(9). It has the form  
( ) ( )220
~
~
−+εε
δ−≈δ
db
mjm
j Rk
Pkk
E k ,                                                 (10a) 
where Rd is the screening radius that depends on temperature and average concentration of defects as 
d
Bb
d Ne
TkR 2
0
2
εε= . The Fourier k-spectrum of the polarization variation induced by the randomly 
distributed vacancies due to Vegard stresses and flexoelectric coupling has the following form: 
( ) ( ) ( ) Wjiijmijnlmnlij SkkkifP '''' ~~~ σχ≈δ kkk ,                                        (10b) 
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Random stresses are related with the random vacancies sites as . The converse 
tensors of dielectric susceptibility 
dijijmn
W
mn NWc δ=σ
( )k1~−χij  and elastic matrix ( )k1−ikS  have the form: 
( ) ( )2201~ −− +εε++αδ≈χ db jilpipjlijij Rk
kk
kkgk ,      ( ) jlijklik kkcS =− k1 ,               (10c) 
where  are elastic stiffness. The second term  in expression for ijklc lpipjl kkg ( )k1~−χij  originates from the 
polarization gradient, and the third term ( )220 −+εε db ji Rk
kk
 originates from depolarization effects 
calculated in Debye approximation. Also it was shown earlier (see e.g. Ref.[3] and refs [14]-[16] 
therein), that the contribution of the gradient term is important for nanosized structures, while for 
homogeneous macro-sized structures this contribution is negligible. 
 The variations of random electric field (10a) and local polarization (10b) are not related with 
the ferroelectricity induced by uncharged vacancies with the average concentration dN  considered in 
the mean-field approach in section 5. The ferroelectric polarization is proportional to nonzero average 
concentration of vacancies dN . The variation ( )rPrδ  is, of course, not switchable and its average value 
is zero ( ) 0=δ rPr , since ( ) 0=δ rdN .  
 That is why it makes sense to calculate standard (mean square) deviations of local polarization 
( )r2Prδ  and electric field ( )r2Erδ , which are proportional to the dispersion of defect concentration 
( )r2dNδ . Note that analytical estimates of the values ( )r2Prδ  and ( )r2Erδ  are possible only for 
the case of simplest spherically symmetric dilatation centre in an isotropic surrounding, while more 
realistically it is cubic. Analytical expressions for ( )r2Prδ  and ( )r2Erδ  are derived in Appendix 
A of Ref.[17], they are: 
( ) ( ) ( )220
22
2
11
*
2
112
1 dcb
dc
cCT
dceff
Rk
RkkgTT
NkWf
P
+εε++−α
δ⋅≅δ rr ,                            (11a) 
( ) ( ) ( ) ( )220
22
2
11
*22
0
2
11
22
2
1
1
dcb
dc
cCTdcb
dceffdc
Rk
RkkgTTRk
NkWfRk
E
+εε++−α+εε
δ≅δ rr ,            (11b) 
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where the effective Vegard coefficient ⎟⎟⎠
⎞
⎜⎜⎝
⎛ +=
11
12
11 21 c
cWW eff  and wave vector 3 1 dc Nk ξ≅  
characteristic for long-range correlations are introduced. Since  defines the period of long-range 
correlations the dimensionless parameter ξ should in order of unity and 
ck
0
1
r
kc <<  as anticipated. 
 Let us perform numerical estimates of the gradient term ( ) and depolarization 
(
2
11 ckg
( )220
22
1 dcb
dc
Rk
Rk
+εε ) contributions in Eqs.(11) for typical values of parameters: the gradient coefficient 
(0.1 – 5)×10=11g -10 m3/F, inverse Curie-Weiss constant  C51066.2 ×≈αT -2·m J/K, virtual Curie 
temperature  ≈ −(5 ÷ 100) K and relative permittivity  ~ 10*CT bε 2 for relaxor ferroelectrics. For chosen 
parameters "dressed" Debye screening radius  can be smaller than 0.8 nm at 293 K at dR =dN 1025 m-
3, and ξ ~1. For these values the gradient and depolarization contributions are, ~×10211 ckg 5 C-2·m J and 
( )220
22
1 dcb
dc
Rk
Rk
+εε ~0.8×10
7 C-2·m J, respectively. These values are significantly smaller than the soft 
mode contribution ( ) ~*CT TT −α (0.81 – 1.06)×108 C-2·m J at room temperature.  
 Since it is not excluded that for other parameters (e.g. for smaller  and bε dN ) the 
depolarization contribution can be compatible and even higher than the soft mode one, we note that 
Eqs.(10)-(11) are applicable for all parameters. 
The dependences of mean squire deviation of local polarization ( )r2Prδ  and electric field 
( )r2Erδ  on the dispersion 2dNδ  of the vacancies concentration fluctuations are shown in 
Figs.3(a) and 3(b) for several values of dimensionless parameter ξ  within the range (0.1 − 10). The 
values ( )r2Prδ  and ( )r2Erδ  monotonically increase with 2dNδ  increase. 
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FIGURE 3. Mean squire deviations of (a) local polarization ( )r2Prδ  and (b) electric field ( )r2Erδ  vs. 
the dispersion 2dNδ  of vacancies concentration fluctuations are shown in log-log scale for several values 
of parameter 10 (curve 1), 3 (curve 2), =ξ =ξ =ξ 1 (curve 3), =ξ 0.3 (curve 4) and 0.1 (curve 5). Vegard 
strain tensor strength  10 Å
=ξ
=W 3 and flexocoupling constant f11= 4 V estimated from Kogan model [39] and 
temperature T=300 K. 
 
To resume the section, the dependence of mean square deviation of polarization ( )r2Pδ  and 
internal electric field ( )r2Eδ  on concentration of oxygen vacancies 2dNδ  [shown in Figs. 3] 
demonstrated that flexo-chemical coupling essentially contributes to local polarization and internal 
electric field. This speaks in favor of statement about existence of dipole glass state. So that the 
proposed model explain and quantify some features of the dipole glass and relaxor states coexistence 
[19], that has been observed experimentally [40, 41, 42]. 
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 7. DISCUSSION AND CONCLUSIONS 
The main experimental fact obtained in [6] originated from measurements of temperature dependence 
of PZN-PLZT relaxor dielectric permittivity for NS and AO samples. Authors obtained respectively p 
= 1.53 and 1.91 in Eq. (1). These data speaks in favour of statement that in NS samples large 
concentration of oxygen vacancies induced ferroelectricity, so that we are faced with its coexistence 
with relaxor state of PZN. The obtained result resembles PMN1-xPTx compound for which p = 1.53 can 
be obtained for x = 0.5 approximately. For this concentration transition to ferroelectric phase takes 
place at TC =250°C > 0 in PMN-PT (see e.g. [43]). The main task of our consideration was to find out 
the physical mechanism, that can be in response of oxygen vacancies induced ferroelectricity in PZN-
PLZT relaxor. As a matter of fact (Pb, La)Zr0.52Ti0.48O3 with La content below 10 %  is known to be in 
ferroelectric phase [44], that could suppress relaxor disorder of PZN. However allowing for the value of 
parameter p = 1.91 for OA samples annealed in oxygen is very close to p = 2, that is characteristic 
value for relaxors, we neglected PLZT contribution for NS samples, where p = 1.53 and the 
concentration of oxygen vacancies is large (see Introduction). Keeping in mind that oxygen vacancies 
are elastic dipoles, which influence used to be considered as Vegard mechanism, we performed the 
calculations with the help of defect concentration distribution function and obtained Eq.(6). The results 
depicted in Figs. 2 had shown, that at some average concentration of oxygen vacancies dN  their 
contribution can be larger than negative value of temperature  of a relaxor and so we obtained 
positive transition temperature characteristic for a ferroelectric. For transformation of the relaxors into 
ferroelectrics one need large enough concentration of oxygen vacancies and Vegard tensor amplitude. 
Unfortunately exact value of negative Curie temperature  is not known and we have to discuss some 
estimations only. It is obvious that even large enough value of  can be overcome by special choice 
of oxygen vacancies concentrations and other parameters. The latter is very important because the 
vacancies concentration has to be larger than the correlation threshold necessary for the existence of 
normal ferroelectric reversible phase. In such a case at T <  (ferroelectric phase) all the properties 
could be calculated by conventional way on the base of free energy 
*
CT
*
CT
*
CT
R
CT
( ) 4112
42
PPTTG
R
CT α+−α= , so 
that e.g. polarization ( )
11
2
α
−α= TTP
R
CT , while at T >  the polarization is zero, P = 0, and we again 
have the relaxor. For this case in p. 6 we consider local polarization and electric field induced by 
Vegard and flexoelectric effects (flexo-chemical coupling). The dependence of mean square deviation 
of polarization 
R
CT
( )r2Pδ  and internal electric field ( )r2Eδ  on concentration of oxygen vacancies 
 15
2
dNδ  [shown in Figs. 3] speaks in favor of statement about existence of dipole glass state. So that 
the proposed model can explain and quantify some features of the dipole glass and relaxor states 
coexistence, that has been observed experimentally [19, 40, 41, 42]. 
 Keeping in mind the accumulation of oxygen vacancies in vicinity of different inhomogeneity 
we came to the conclusion about oxygen vacancies concentration inhomogeneity. In such a case one 
can expect coexistence of relaxor state and ferroelectricity. It is not excluded that this interesting 
phenomena was observed by Deng [6] for NS samples with p=1.53. It lays approximately at the same 
distance from p=2 for relaxors and p=1 for ferroelectrics. Therefore, at some concentration of oxygen 
vacancies and T<  we are faced with morphotrophic region in PZN-PLZT.  RCT
 To resume, we have shown that the transition to a ferroelectric phase can be induced in a 
relaxor by the influence of oxygen vacancies being elastic dipoles due to the joint action of 
electrostrictive and Vegard couplings at some large enough concentration of the vacancies. In the 
regions where the concentration of vacancies is low, the local polarization and electric field could be 
induced by the flexo-chemical coupling in dependence on the concentration of oxygen vacancies. 
Because of inhomogeneity of vacancies concentration the coexistence of ferroelectricity and relaxor 
state can be expected. 
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SUPPLEMENTAL MATERIAL 
APPENDIX A. Linearized solution of Euler-Lagrange equations for fluctuations of electric 
polarization, field and strain. Calculations of correlations. 
Expression for the Landau-Ginzburg-Devonshire type Gibbs potential has the following form: 
( )
( ) ⎟⎟
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22223         (A.1) 
Hereinafter summation is performed over all repeating indexes;  is electric polarization. The 
expansion coefficient α is temperature dependent as 
iP
( )CT TT −α=α , where T is the absolute 
temperature, TC<0 since the intrinsic ferroelectricity is absent. Elastic stress tensor is mnσ ,  
is the electrostriction strain tensor,  is the flexoelectric effect tensor. The higher order 
coefficients  are regarded temperature independent;  are gradient coefficients tensor, 
 are elastic compliances. Also we introduce the fluctuations of the Vegard strain, , 
which are proportional to the fluctuations of vacancies concentration 
mnijQ
mnliF
ijklα ijklg
ijkls dij NW δ
( ) ( ) ddd NNN −=δ rr  from 
the average value and Vegard expansion tensor is  (that is typically isotropic and diagonal, 
, in disordered ferroelectrics) 
ijW
ijij WW δ=
Minimization of Eq.(A.1) with respect to  leads to the static equation of state for 
ferroelectric polarization: 
iP
( ) i
l
mn
mnli
lj
k
ijkllkjijkljmnijmnij Ex
F
xx
PgPPPPQ +∂
σ∂=∂∂
∂−α+σ−αδ
2
2             (A.2) 
The quasi-static lectric field ii xE ∂ϕ∂−≡ iE  can be found self-consistently from the electric 
potential ϕ  that satisfies Poisson equation,  
( nNe
x
P
x di
i
i
b δ−δ−∂
∂=∂
ϕ∂εε +2
2
0 ),                                           (A.3) 
where εb is background permittivity and ε0=8.85×10−12 F/m is the universal dielectric constant, 
( )nNe d δ−δ +  is the space charge density of ionized vacancies and electrons, e=1.6×10−19 C is the 
electron charge.  
 Equations of state ijij uG −=σ∂∂  determine the strains : iju
lkijkl
k
l
ijkldijklijklij PPQx
PFNWsu +∂
∂−δ+σ= ,                          (A.4) 
that includes conventional Hook relation, chemical stresses, flexoelectric and electrostriction 
contributions. Since the static equation of mechanical equilibrium, 0=∂σ∂ jij x , should be valid, 
the equation (A.4) transforms into Lame-type equation for elastic displacement  iU
0=⎟⎟⎠
⎞
⎜⎜⎝
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Equivalents form of Eq.(A.5a) is  
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Where  are elastic stiffness, random Vegard stresses , ijklc dijijmn
W
mn NWc δ=σ ijklijmnmnkl Qcq =  is 
electrostriction stress tensor and ijklijmnmnkl Fcf =  is the flexocoupling stress tensor. 
 In order to derive expression for the linear generalized susceptibility and correlation 
function, let us linearize Eqs.(A.2) for polarization and Eq. (A.5) for the elastic displacement. 
 In Fourier space of spatial wave vector k the linearized solutions have the form: 
( ) ( ) ( )∫
∞
∞−
−δπ=δ jjii xkPdP iexp
~
2
1
23 kr ,         ( ) ( ) (∫
∞
∞−
−δπ=δ jjii xkUdU iexp
~
2
1
23 kr ) ,            (A.6a) 
 Next the electric field in Eq.(A.2) can be represented as , where the local 
fluctuations of depolarization field  
ext
iii EEE +δ=
( ) ( ) (∫
∞
∞−
−δπ=δ jj
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ji xkEdE iexp
~
2
1
23 kr ),                          (A.6b) 
can be estimated in Debye approximation as described below. The Fourier image of the Poisson 
equation (A.3) for the depolarization field determination in Debye approximation acquires the 
form 
2
0
2
~~~
db
ii
R
Pik
k ϕ+εε
δ−≈ϕ− ,                                            (A.7) 
and its solution is  
( )220
~
~
−+εε
δ−≈δ
db
mjm
j Rk
Pkk
E ,                                                 (A.8) 
where Rd is the screening radius that depends on temperature and singly-ionized defect 
concentration as 
d
Bb
d Ne
TkR 2
0
2
εε= . 
 Allowing for Eqs.(A.8) the Fourier representations of the linearized equations (A.5b) and 
(A.2) have the form for Fourier amplitudes: 
0~~~ =δ+σ+δ lmjijmlWijjkjlijkl PkkfikUkkc ,                                (A.9a) 
( ) extimnlmnlijlmimjldb jiij EUkkfPkkgRk
kk ~~~
22
0
=δ+δ⎟⎟⎠
⎞
⎜⎜⎝
⎛ ++εε+αδ − .            (A.9b) 
The strain tensor components are related with displacement components from Eq.(A.9a) as 
( ) 2~~~ nmmnmn UkUkiu δ+δ−=δ . 
 The Fourier representations in the spatial k and frequency ω domain of the linearized 
solution for polarization and strain fluctuations have the form: 
( ) ( )[ ] ( )kkk ijWjinlmnlimijextij kkfSikEP χσ+=δ ~~~~ '''' ,         (A.10a) 
( ) ( ) ( ) ( ) ( )[ ]WijqijnpqnpsextsmjijmlslikikWijjk SkkkifEkkfSSikU σ+χ+σ−=δ ~~~~~ '' kkkkk .   (A.10b) 
Since the harmonic approach (5) is applicable for small wave vector k, consideration of the 
problem for higher k values requires including of the anharmonicity and higher gradient terms. 
 Generalized susceptibility ( )kijχ~ , that is in fact correlation function, and elastic function 
 included in Eqs.(A.10) are given by expressions: ( )kirS
( ) ( ) ( )kkk ipjlijij Θ+β=χ−1~ ,         ( ) jlijklik kkcS =− k1 .            (A.11a) 
Here the linear dynamic stiffness is affected by depolarization effect as 
( ) ( )220 −+εε+αδ=β db jiijij Rk
kk
k ,                                   (A.11b) 
( ) (kk '''' mipjpjjilnmnlilpipjlipjl Skkfkkfkkg −=Θ ) .                (A.11c) 
Substitution of Eqs.(A.11) into Eq.(A.10a) allowing for the smallness of the flexoelectric 
coupling and Vegard strains, and condition 0~ =extiE  yields to the approximation 
( ) ( ) ( )kkk ijWjimijnlmnlij SkkkifP χσ≈δ ~~~ '''' ,                             (A.12a) 
( ) ( ) lpipjldb jiijij kkgRk
kk ++εε+αδ≈χ −
−
22
0
1~ k ,      ( ) jlijklik kkcS =− k1 .              (A.12b) 
 The inverse matrices of the Green tensor ( )kijχ~  is in fact correlation function or 
generalized susceptibility ( ) ( )kk ij
E
ext
j
i
ext
j
E
P χ≡∂
∂
→
~
~
0
. Order parameter correlation function is related 
with the Green tensor via Callen-Welton fluctuation-dissipation theorem, and corresponding 
static correlations radius can be determined from direct matrix ( )kijχ~ .  
 Further analytical estimations in Eqs.(A.12) are possible only for the simplest spherically 
symmetric dilatation center in an isotropic surrounding (while more realistically it is cubic). For 
the case the components of gradient tensor, elastic function and dielectric susceptibility are  
( ) 2444411 kgkkggkkg ijjilpipil δ+−= ,      ( ) 2441112 ggg −= ,             (A.13a) 
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Using above expressions it makes sense to estimate k-spectra Eq.(A.12a) is spherical 
coordinates: 
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Where the effective Vegard coefficient ⎟⎟⎠
⎞
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11 21 c
cWW eff  is introduced. The second term 
 in the denominator originated from the polarization gradient term, and the third term 211kg
( )220
2
−+εε db Rk
k  originated from depolarization field ( )220
~
~
−+εε
δ−≈δ
db
mjm
j Rk
Pkk
E , which were 
estimated in Debye approximation, and Rd is a Debye screening radius. The expression in r-
space is 
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 In order to find a solution in r-space one should average Eq.(A.15) with the spectra of the 
distribution function of vacancies ( )kdN~δ  and then make an inverse Fourier transformation. 
Since ( ) 0~ =δ rdN  the average value ( )rPrδ  is zero as anticipated, and the expressions for 
averaged mean squire value ( )r2Prδ  can be derived after analyzing the correlation function 
( ) ( )'* rr PP rr δδ : 
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(A.16) 
Assuming that the k-spectra of vacancies distribution has the form 
( ) ( ) ( ) ( ) (kkkkk dddd fnNN 23 '2' )~~ −δπ=δδ ,                   (A.17) 
the correlation function becomes: 
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Autocorrelation function ( ) has the form 'rr =
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Let us assume a sharp enough Gaussian distribution of the vacancies  
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with the halfwidth  and the most probable value 2−<<∆ dR 3 dc Nk ⋅ξ≅ . Since  value defines 
the period of long-range correlations the dimensionless parameter ξ should be in order of unity 
and 
ck
0
1
r
kc >> . Using Eq.(A.20) the integral in Eq.(A.19) can be estimated using Laplace method: 
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The expression for the autocorrelation of depolarization random electric field ( )r2Erδ  can be 
derived in a similar way using Eq.(A.8): 
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Allowing for the spherical symmetry of defect center the latter expressions  
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Where 2dd Nn δ≡  allowing for Eq.(A.17) and (A.20). 
 
APPENDIX B. Auxiliary derivations and schemes  
B.1. Derivation of Eq.(6) 
Using ergodic hypothesis the averaging in Eq.(5) over the defects distribution function is 
reducing to the averaging over the defect partial volume, 3
3
4 RV π= , and gives the following 
expression: 
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     (B.1) 
where klijklij WcW =~  and  is the elastic stiffness tensor.  ijklc
 
B.2. Possible role of the intrinsic charge of the vacancies (if any). 
 If one put formally into unoccupied point of Ti4+ charges +4е and –4е the charge +4e 
makes ideal lattice and –4e corresponds to defect in it. The similar formal operation with the 
addition to Ti3+ position +e and –e leads to the appearance into ideal lattice defect –
4е + (Ti3+ + e), that is dipole d1 = 4es, where s is Ti3+ off-central shift. An illustration of the 
oxygen vacancy related defect configurations in a tetragonal perovskite lattice structure is shown 
in Fig. S1. 
 
(a) (b) (c) 
Ti VO 
 
Figure S1. Oxygen vacancy related defect configurations in a tetragonal perovskite lattice structure. (a)–
(c) Possible configurations for the dipole-acceptor associate with the defect dipole aligned in different 
directions (shown by arrows). (Adapted from [Erhart, Paul, and Karsten Albe. "Dopants and dopant–
vacancy complexes in tetragonal lead titanate: A systematic first principles study." 
Computational Materials Science 103 (2015): 224-230]). 
 
